We calculate twist-3 parton ditribution functions (PDFs) using cut and uncut diagrams. Uncut diagrams lead to a Dirac delta function term. No such term appears when cut diagrams are used. We show that a δ(x) is necessary to satisfy the Lorentz invariance relations of twist-3 PDFs, except for the Burkhardt-Cottingham sum rule in QCD.
Introduction
In the scalar diquark model (SDM) and quark target model (QTM), twist-3 generalized parton distributions (GPDs) exhibit discontinuities at the points where the DGLAP and ERBL regions meet (x = ±ξ) 1 . In the forward limit, these discontinuities can grow into Dirac delta functions (δ(x)) 1,2 . While none of the twist-2 PDFs exhibit these types of singularities in both models, all twist-3 PDFs, with the exception of g 2 (x) in the QTM, contain such singularities. As we will show in section 3, this δ(x) is necessary to satisfy the Lorentz invariance relations and the sum rules for twist-3 PDFs, except the Burkhardt-Cottingham sum rule in QCD 6 . This paper is organized as follows; in section 2, we investigate the two methods to calculate the PDFs, 'cut' and 'uncut' diagrams, and show that there is difference between the two approaches and one violates Lorentz invariance relations (LIR). Violations of sum rules involving higher twist PDFs is investigated in section 3.
Lorentz invarince relations
Lorentz invariance, applied to the integral
implies I µ ∝ P µ as P µ is the only 4-vector in this problem. Thus for I µ the appropriate Lorentz invariance relation (LIR) reads,
In the following, we will analyze this LIR in the SDM (in which the three valence quarks of the nucleon are considered to be in a bound state of a single quark and a scalar diquark) using bothcut diagrams and using uncut diagrams. We pretend that we are analysing a PDF where the factor k µ arises from the Dirac numerators.
In the forward limit, the model can be represented using a cut diagram as in gator is replaced by δ (p − k) 2 − λ 2 thus enforcing the mass-shell condition. Using uncut diagrams for the spectator line, the usual Feynman propagator is used and the energy integrals are performed using complex contour integration -picking up the pole of the spectator propagator. Naively, the two methods should thus yield the same results. However, a subtle difference may arise at x = 0 corresponding to infinite light-cone energy for the active quark. In the literature, PDFs are calculated using either diagram. As we will show that, even though, both methods are equivalent and yield identical PDFs for nonzero x, a difference manifests itself at higher orders. This difference originates from the δ(x) term which is present only in the higher order PDFs and revealed when an uncut diagram is used. Such a term is not present in the calculations made by using cut diagrams! As we shall show, the δ(x) term is essential to satisfy the LIR involving twist-3 distributions and therefore the right approach is to calculate higher order PDFs is to use uncut diagrams.
Cut Diagrams
When cut diagrams are used, I µ ≡ I µ cut is obtained as,
Here P is the nucleon, k is the quark momentum, M, m, λ are the nucleon, quark and scalar diquark mass respectively. The k + integral in Eq. (2) is evaluated using δ(k + − xP + ), while the k − intergral is evaluated by using the identity
Consequently, one finds for µ = + and µ = − respectively,
where
Hence, the LIR(1) is violated
Uncut Diagrams
However when uncut diagrams are used, where I µ ≡ I µ uncut is defined as,
The k + integral in (7) is again taken using δ(k + − xP + ). However, in this case, the k − integral is taken using residue method. For µ = +, we obtain,
For µ = −, before taking the k − integral, we use the algebraic identity to rewrite the term in the numerator,
The last term in Eq.(9) cancels the spectator propagator in the denominator leading to two different types of k − integrals in the expression for I − uncut ,
(10) The k − integral in Eq.(10), leads to a delta function 7 ,
Using this result, and taking the k − integrals in Eq.(10) we obtain,
which equals Eq. (8), i.e. the LIR (1) is satisfied when uncut diagrams are used.
The reason one method results in a violation of the LIR while other does not is the appearance of δ(x) term which is revealed only when an uncut diagram is used. Cut diagrams do not include the point x = 0, and miss the δ(x) term at this point.
Violation Of Sum Rules
The point x = 0 is not experimentally accessible in DIS since it corresponds to P · q → ∞ and thus δ(x) cannot be seen. Any relation involving a twist 3 PDF containing a δ(x) would appear to be violated. Nevertheless, there is no doubt in the validity of these sum rules because they are direct consequences of Lorentz invariance. Therefore, the violation of the sum rules from the experimental data would provide an indirect evidence on the existence of the Dirac delta functions.
The most famous Lorentz invariance relation between a twist 2 PDF (g 1 (x)) and a twist 3 PDF (g T (x)) is the Burkhardt-Cottingham sum rule 6 ,
A similar relation is the h-sum rule, where the l.h.s. is equal to the tensor charge
Another sum rule including a twist-3 PDF is the σ-term sum rule, which provides a relation between quark mass m and nucleon mass M ,
If any of the twist 3 PDFs above contain a δ(x) term, experimental measurements would not be able to confirm the sum rule in ) and claim their violation.
Summary and Discussion
Twist-3 PDFs contain a δ(x) in both QTM and SDM only with the exception of g 2 (x) in the QTM. These δ(x) terms are not related to the twist-2 (WW) parts of the twist-3 PDFs but contributes both the qgq correlation and mass terms. Since x = 0 is not experimentally accesible, violations of the sum rules containing twist-3 PDFs and GPDs from the experimental data would provide an indirect evidence on the existence of these δ(x) contributions. Using cut or uncut diagrams to calculate PDFs from models leads to the same result for x = 0. However, there is a difference between the two approaches for higher orders. Cut diagrams exclude x = 0 point and hence miss the δ(x) terms. Therefore higher twist distributions calculated with cut digrams do not satisfy LIR. In order to restore it, one needs to include x = 0 point by using an uncut diagram.
